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Abstract. In this communication, we present the results of the Five-fold Differential Cross Section (5DCS)
and Triple Differential Cross Section (TDCS) for the (e,2e) process on molecular hydrogen (H2) by the plane
wave and the twisted electron beam impact. The formalism is developed within the first Born approximation
using the plane wave and the twisted wave for the incident electron beam. We describe the plane wave,
Heitler-London type wave function and Coulomb wave for the scattered electron, H2 molecular state, and
the ejected electron respectively. We compare the angular profiles of the 5DCS and TDCS for the different
values of Orbital Angular Momentum (OAM) number m of the twisted electron beam with that of the plane
wave beam. We also present the 5DCS for different molecular orientations and study the effect of m on
the 5DCS. We further investigate the influence of the twisted electron beam on the (e,2e) process on the
H2 molecule from the perspective of the “Young-type” interference of the scattered waves, emanating from
the two atomic centers of the H2 molecule. We also study the TDCS for macroscopic H2 target to explore
the effect of opening angle (θp) of the twisted electron beam on the TDCS. Our results clearly show the
effect of the twisted electron’s OAM number (m) and the opening angle (θp) on the 5DCS and TDCS of the
molecular hydrogen.
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1. Introduction
Electron interactions with the atomic and molecular
targets play an important role in biology, astronomy,
plasma physics, radiation physics and chemistry [1–
5]. The electron impact single ionization process,
in which we determine the momenta of the two
outgoing electrons, is known as an (e,2e) process.
Hence in an (e,2e) process, the two outgoing electrons
are detected in coincidence with their energies and
directions fully resolved [6]. The first experiment in
the field of (e,2e) was performed independently by
Amaldi et al. [7] and Ehrhardt et al. [8]. Since
then, many coincident experiments were performed
on the atomic and molecular targets in various
geometrical arrangements of the detected electrons.
These experiments further led to the development of
numerous theoretical models of the (e,2e) reactions
on atomic and molecular targets. (e,2e) studies help
us to understand the structure of targets, electron-
electron correlations, and reaction mechanisms during
the ionization processes.
Tremendous progress has been made in the field
of electron impact ionization studies for atomic targets
[9–13], both at the experimental and theoretical level.
The (e,2e) study was further extended to molecular
targets to investigate the effects of multi-centers on
(e,2e) angular distributions of the Triple Differential
Cross Section (TDCS). The electron impact ionization
study for molecular targets is different from that for
atoms because of the molecular configuration of the
targets arising from the different molecular orbitals
involved [14]. In literature, numerous studies in the
(e,2e) field have been done on various molecules, like
H2, N2, O2, H2O CO2, formic acid, bio-molecules such
as DNA, RNA etc. [15–23].
The simplest molecule, hydrogen molecule (H2),
has drawn lots of attention for the study of (e,2e)
processes on molecules. In addition to (e,2e) processes
, various theoretical and experimental investigations
have been carried out to study the double ionization
(i.e. (e,3e) process) on H2 [24–26]. The molecular
hydrogen is a basic prototype molecule for the study
of the “Young-type” interference effect caused by the
scattering of the incident particle by the two centers
of the H2. Since the two atoms in the H2 molecule
are indistinguishable, we can envisage the H2 molecule
as two sources of secondary matter-wave emitters,
which will lead to the interference effect. The Young’s
type interference effect was theoretically predicted by
photon impact on H2 by Cohen and Fano (1966)
[27]. The interference effect was also observed for
electron emission on H2 by fast ion impact [28, 29].
Different groups have studied this aspect, both at the
theoretical and experimental level, by studying the
ejected electron’s angular distribution [30–35]. To the
best of our knowledge, almost all of the (e,2e) collision
studies on molecular targets have been done for the
plane wave electron beam (not possessing any orbital
angular momentum).
A vortex beam characterizes a freely propagating
beam possessing a helical wave-front with a well-
defined Orbital Angular Momentum (OAM), m, along
the propagation direction. The theoretical study by
Bliokh et al. [36] for non-relativistic electrons advanced
the experimental and theoretical investigations of the
electron states with vortices (i.e., Electron Vortex
Beams (EVBs), twisted electron beams). The
experimental observation of the electron vortex states
accentuated an exciting area of collision studies for the
study of their interaction with the atoms and molecules
[37–39]. Unlike the plane waves, twisted electron
beams carry a non-zero OAM (m) projection along
the propagation direction. These beams have a helical
phase front eimφ with the azimuthal angle φ about the
propagation axis (see [40–42] for a better theoretical
insight of EVBs). Twisted electron beams provide
scope for research in optical microscopy, quantum state
manipulation, optical tweezers, astronomy, higher-
order harmonic generation and many more fields [38,
39, 43–46].
It is essential to understand how electrons with
non-zero OAM interact with atoms for applications of
the twisted electron collisions with atoms. A handful
of studies are available for ionization/scattering of
atomic targets using twisted beams. The work by
Ivanov and Serbo (2011) [47] and Boxem and co-
workers (2014) [48] contributed to the outset of the
theoretical analysis of the scattering experiments by
twisted electrons. Boxem et al. [49] studied the
inelastic scattering amplitudes analytically for the
hydrogen-like systems determining the influence of the
OAM on the scattering amplitudes. Serbo et al.
[50] analyzed the scattering by twisted electrons in
the relativistic framework illustrating that the angular
distribution and the polarization of the outgoing
electrons depend not only on the transverse and
the longitudinal momenta but also on the projection
of the Total Angular Momentum (TAM) along the
propagation direction of the beam. The collisional
studies for hydrogenic atom, treating EVBs as spatially
localized wave packets, by Karlovets et al. [51] showed
that the number of scattering events in collisions
involving twisted electrons is comparable to that in
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the standard plane-wave calculations. Maiorova at al.
[52] advanced the scattering studies by their theoretical
analysis of the Differential Cross Section (DCS) for
the molecular hydrogen H2. The DCS emphasized
the influence of the twisted electron on the Young-
type interference. Harris et al. (2019) reported the
ionization of the Hydrogen atom by twisted electrons
by analyzing the fully differential cross section (FDCS)
with different parameters of the twisted electron beam
[53]. The results indicated a shift in the binary
and recoil peak for twisted electron’s cross-sections
from their plane wave locations due to the projectile’s
transverse momentum components. The recent study
by Mandal et al. (2020) showed the dependence
of the TAM number (m) on the angular profile of
the TDCS and spin asymmetry for the relativistic
electron impact ionization of the heavy atomic targets
[54]. Furthermore, Dhankhar et al. [55] studied
theoretically the double ionization of He atom in θ-
variable and constant θ12 mode for the twisted electron
incidence. Their results found that the angular profile
of the Five-Fold Differential Cross-section (FDCS)
depends on the OAM number m and the opening angle
θp of the incident twisted electron beam.
To the best of our knowledge, the cross-section
studies for the (e,2e) processes by the twisted electron
beams have been performed mostly for the atoms. In
this communication, we present the first theoretical
estimation for the (e,2e) process of the H2 molecule for
the twisted electron case. We develop our formalism
within the first Born approximation framework for
the plane wave electron beam (Sec. 2.1) and the
twisted electron beam in (Sec. 2.2). We describe the
plane wave, Heitler-London type wave function, and
Coulomb wave for the scattered electron, H2 molecular
state, and the ejected electron, respectively. We
present the Five-fold Differential Cross-Section(5DCS)
and Triple Differential Cross Section (TDCS) in the
coplanar asymmetric geometry for different parameters
of the twisted electron beam in Sec. 3. Finally, we
conclude our paper in the Sec. 4. Atomic units are
used throughout the paper unless otherwise stated.
2. Theory
In this section, we present the theoretical formalism for
the (e,2e) process of H2 molecule by considering both
the plane wave and the twisted electron beam as an
incident beam.
2.1. Plane-wave (e,2e) ionization
In an (e,2e) process on H2 molecule, an incident
electron with energy Ei and momentum ki collides
with the target resulting in ejection of bound electron
with energy Ee with momentum ke. The ejected
Figure 1: Coordinates representation of the hydrogen
molecule. ei represents the incident electron with
energy Ei. The molecule is centered at origin O which
is located at the center of the inter-nuclear vector
ρ. A and B represents the two center of the H2
molecule. ej(j=1,2) represents the first and second
electron from the center of the H2 molecule. r0 is
the radial vector of the incident electron. rj0(j=1,2)
represents the position vector of the jth electron from
the incident electron. rj(j=1,2) is the position vector
of jth electron from the origin O. rjA(j=1,2) and
rjB(j=1,2) are coordinates of the j
th electron from the
atomic centers A and B respectively.
electron and the scattered electron with energy
Es and momentum ks are detected and measured
coincidentally. The electron impact ionization of H2
can be standardized as;
ei(ki) + H2 → H+2 + es(ks) + ee(ke). (1)
The Five-fold Differential Cross Section (5DCS)
describes the complete picture of the (e,2e) process
on H2. In the first Born approximation for an (e,2e)
process, 5DCS can be described as;
d5σ
dEedΩsdΩedΩρ
= (2pi)4
keks
ki
|Tfi|2, (2)
here dEe describes the energy interval for the ejected
electron and dΩs, dΩe and dΩρ are the solid angle’s
intervals of the scattered, ejected electron and the
inter-nuclear vector ρ respectively. The scattering
amplitude is given by,
Tfi = 〈φf |V |φi〉, (3)
where φi is the initial state wave function, consists of
the incident electron and H2 target, φf is the final state
wave-function consists of the continuum state of the
outgoing electrons and the remaining target and V is
the interaction potential between the incident electron
and H2 molecule. For an (e,2e) process, in the FBA,
Tfi is expressed as;
Tfi = 〈ϕks,ke(ρ, r0, r1, r2)|V |ϕki(ρ, r0, r1, r2)〉, (4)
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where ϕks,ke(ρ, r0, r1, r2) is the continuum state of the
scattered and the ejected electrons in the presence of
H+ ion. ϕki(ρ, r0, r1, r2) is the initial state consisting
of the incident electron and the molecular bound state
of the H2 molecule. rj(j=1,2) represents the radial
vector the jth electron with respect to the center of
the molecule, assuming that the center of the molecule
is at the origin (see figure 1). In figure 1, r0 is the radial
vector of the incident electron and ρ is the equilibrium
internuclear vector of the molecule. The interaction
potential V can be represented as,
V =
1
|r0 − r1| +
1
|r0 − r2| −
1
|r0 − ρ2 |
− 1|r0 + ρ2 |
. (5)
Here, we use the plane wave for the incident and the
scattered electrons. The normalized plane wave for the
incident electrons can be expressed as;
φi(r0) =
1
(2pi)3/2
eiki·r0 , (6)
with the incident electron momentum ki. The target
state wave function, characterizing the molecular
bound sate of H2, is described by the Heitler-London
type wave function [56],
ψi(ρ, r1, r2) = NHL(ρ){e−αr1Ae−αr2B+e−αr2Ae−αr1B},
(7)
with α = 1.166, ρ = 1.406 and NHL is the
normalization constant. Here, rjA(j = 1,2) and rjB(j
= 1,2) are defined in figure 1.
The final state wave function is given as [57],
ψ−f (ρ, r1, r2) = φf (ρ, r2)φc, (8)
where φf is the bound state of H
+
2 and φc is the
Coulomb wave function. φf is represented as the linear
combination of atomic orbitals,
φf (ρ, r2) = Nf (ρ){e−βr2A + e−βr2B}, (9)
and the Coulomb wave function φc is given by,
φc = e
ike·r1C1F1(iγ; 1;−i(ker1j + ke · r1j)), (10)
where j = A or B. The function φc correlate with j =
A(or B) when the exponential term in equation (7) is
acknowledged [57]. Also, C = (2pi)−3/2Γ(1− iγ)e−pi/2
where Γ(1 − iγ) is the Gamma function, γ = −1/ke
and 1F1(iγ; 1;−i(kr+ke · r1j)) is the confluent hyper-
geometric function. Using the above equations, the
transition matrix, Tfi, can be written as;
Tfi =
1
(2pi)9/2
NHLNfΓ(1 + iγ)exp(−piγ/2)×〈
eike·r11 F1(iγ; 1;−i(ker1j + ke · r1j)(e−βr2A + e−βr2B )
× | V | eiK·r0(e−αr1Ae−αr2B + e−αr2Ae−αr1B )
〉
,
(11)
where K = ki − ks is the momentum transferred
to the H2 molecule. Following [57], the transition
matrix element computation in equation (11) can be
interpreted as contribution from direct terms and
indirect terms. The direct terms may be attributed
to the ionization of e1 from the center j = A(or B) due
to interaction of incident electron with e1 and center
j. While, the indirect term recognizes the ionization of
e1 from center j via interaction of the incident electron
with e2 and center B. Due to the large difference in
the energies of the ejected electrons with that of the
incident and scattered electrons (Ei, Es  Ee), the
contribution of the indirect terms in the transition
matrix is negligible. The transition matrix element can
then be described as;
Tfi =
1
(2pi)9/2
NHLNfΓ(1 + iγ)exp(−piγ/2)×∑
j,k
j 6=k
〈
eike·r11 F1(iγ; 1;−i(ker1j + ke · r1j)(e−βr2j + e−βr2k)
×
∣∣∣ ( 1
r10
− 1
rj
) ∣∣∣ eiK·r0(e−αr1je−αr2k)〉.
(12)
The integration over r0 can be done analytically.
Following the results from Tweed [58] we have,∫
eiK·r0
|r0 − r1|d
3r0 =
4pi
K2
eiK·r1 . (13)
The matrix element Tfi is thus given by,
Tfi(K) = 〈ψ−f |2eiK·r1 − e−iK·ρ/2 − eiK·ρ/2|ψi〉. (14)
The transition matrix element given by equation (14)
can be written in a convenient form, such as;
|Tfi|2 ∼= 2|[1 + cos(q · ρ)]TAfi|2, (15)
where q = K − ke is the momentum transferred
to the residual ion and TAfi is the transition matrix
element corresponding to the (e,2e) process for the one-
centred atomic hydrogen. Since all the directions of the
inter-nuclear vector ρ are equally probable for the H2
molecule, the integration over all the orientations of ρ
gives the proper orientation average TDCS which can
be defined as;
d3σ
dEedΩsdΩe
=
1
4pi
∫ 2pi
φρ=0
∫ pi
θρ=0
d5σ
dEedΩsdΩedΩρ
dΩρ
(16)
where d
5σ
dEedΩsdΩedΩρ
is the orientation dependent 5DCS
given by equation (2) and θρ, φρ are the standard polar
and azimuthal angles of ρ respectively assuming that
the propagation of the electron beam is along the z-
axis.
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Figure 2: Schematic diagram for the electron impact
ionization of H2 molecule by Bessel beam. θp is
the opening angle of the beam. An incident twisted
electron of energy Ei and momentum ki interacts with
the H2 molecule ejecting one of the bound electrons
of the molecule into continuum state. We describe Es
and Ee and ks and ke as the energies and momenta
of the scattered and ejected electron respectively. θs
and θe represent the scattered and ejected electrons’
angular positions. Ωρ corresponds to the solid angle of
the internuclear vector ρ. The quantization (z )-axis is
chosen along the propagation direction of the incoming
beam. The beam propagates out of the page and twists
around the propagation direction (counter-clockwise).
2.2. Twisted electron (e,2e) ionization
Figure 2 shows the (e,2e) process onH2 molecule by the
twisted electron beam. The twisted beam has a helical
wave-front that twists around the beam axis when it
propagates along the beam direction. The formalism
for the computation of the (e,2e) cross sections for the
H2 molecule is the same as used in Sec.2.1, except we
replace the plane wave for the incident electron beam
with a twisted electron beam, such as a Bessel beam.
The incident momentum vector ki can be
described as,
ki = (ki sin θp cosφp)xˆ+(ki sin θp sinφp)yˆ+(ki cos θp)zˆ
(17)
with θp and φp defined as the polar and azimuthal
angles of the ki. The longitudinal momentum is along
the z -axis, with the center of the H2 molecule on the
axis. ki makes an angle θp with the z -axis which is
normally referred as the opening angle of the twisted
beam. θp = tan
−1 ki⊥
kiz
with ki⊥ and kiz are the
perpendicular and the longitudinal components of the
momentum ki respectively.
The initial state, ϕi(r0, r1, r2), is the product
of the Bessel beam wave function (twisted electron
wave function), ψ
(tw)
κm (r0) , and the target state wave
function of H2, ψi(ρ, r1, r2), given by equation (7).
ϕi(r0, r1, r2) = ψ
(tw)
κm (r0)ψi(ρ, r1, r2). (18)
As specified in [49], the Bessel beam can be
interpreted as superposition of plane waves such that
ψ(tw)κm (r0) =
∫ ∞
0
dki⊥
2pi
ki⊥
∫ 2pi
0
dφp
2pi
aκm(ki⊥)eiki·r0 ,
(19)
with the amplitude
aκm(ki⊥) = (−i)m
√
2pi
κ
eimφp δ(|ki⊥| − κ), (20)
where κ is the absolute value of the transverse
momentum (ki sin θp). The integration over the
transverse incident momentum ki⊥ results ψ
(tw)
κm (r0) as;
ψ(tw)κm (r0) = (−i)m
√
κ
2pi
∫ 2pi
0
dφp
2pi
eimφ eiki·r0 , (21)
The final state wave function is the product of the
scattered plane wave and the final state wave function
given by equation (9),
ϕki,ks,ke(r0, r1, r2) = φks(r0)ψ
−
f (ρ, r1, r2), (22)
where φks(r0) is a plane wave given by
φks(r0) =
eiks·r0
(2pi)3/2
. (23)
Substituting equations (18) and (22) in equation
(4), we can write the twisted wave transition amplitude
(T twfi (κ,K)) in terms of the plane wave transition
amplitude (Tfi(K) given by equation (14)) as,
T twfi (κ,K) = (−i)m
√
κ
2pi
∫
dφp
2pi
eimφp Tfi(K). (24)
Here, the momentum transfer to the target can be
expressed as;
K2 = k2i + k
2
s − 2kiks cos θ, (25)
where,
cos θ = cos θp cos θs + sin θp sin θs cos(φp − φs). (26)
Here, θs and φs are the polar and azimuthal angles of
the ks. For the coplanar geometry φs = 0. The TDCS
for the twisted electron can be computed from equation
2 with T twfi (κ,K) computed from the equation 24.
Since it is difficult to obtain the exact alignment of
the Bessel beam with the target, one needs to consider
the generalized equation for the Bessel beam given by
equation (19), such that
ψ(tw)κm (r0) =
∫ ∞
0
dki⊥
2pi
ki⊥
∫ 2pi
0
dφp
2pi
aκm(ki⊥)eiki·r0e−iki·b,
(27)
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Figure 3: TDCS as a function of ejection angle θe for the plane wave (e,2e) process on H2 molecule. Plane wave
results are represented by solid line and experimental results ([59]) by full circles. Sub-figures (a)-(c) represent
the results for an incident energy Ei = 4087 eV, emission energy Ee = 20 eV and scattering angles θs shown
in each figure. While, sub-figures (d)-(f) represent the results for an incident energy Ei = 4168 eV, emission
energy Ee = 100 eV and scattering angles θs shown in each figure. We have scaled up the theoretical results for
sub-figures (d)-(f) by a factor of 10 respectively. Arrows indicate the direction of momentum transfer (θK) and
recoil direction (θ−K) (opposite to (θK) direction) for this and all subsequent figures.
where, b is the vector that describes the transverse
orientation of the incident twisted electron beam with
respect to the beam direction. The impact parameter
vector b is defined as b = b cosφbxˆ+ b sinφbyˆ, where b
is the magnitude of b and φb is the azimuthal angle of
b. The additional factor e−iki·b indicates the complex
spatial structure of the Bessel beam contrary to the
plane wave [50]. We can get equation (19) by just
substituting b = 0 in equation (27). As we did for b
= 0 case to get the T twfi (refer to equation (24)), we
can get the twisted wave transition amplitude T twfi in
terms of plane wave transition amplitude as;
T twfi (κ,K,b) = (−i)m
√
κ
2pi
∫ 2pi
0
dφp
2pi
eimφp−iki⊥b Tfi(K).
(28)
where, ki⊥b = κb cos(φp − φb). The scenario
wherein a single molecule scatters the incident twisted
electron beam is hardly achieved experimentally. It
is, therefore, imperative to consider a macroscopic
molecular target. The cross-section for such a target
can then be computed by taking the average of the
plane wave cross-sections over all the possible impact
parameters, b, in the transverse plane of the twisted
electron beam.
The average cross-section, (TDCS)av =
d3σ
dΩsdΩedEe
in terms of plane wave cross-section can be described
as (for detailed derivation see Harris et al.(2019) [53]);
(TDCS)av =
1
2pi cos θp
∫ 2pi
0
dφp
d3σ(K)
dΩsdΩedEe
, (29)
where d
3σ(K)
dΩsdΩedEe
is like the TDCS for the plane wave
electron beam depending on K. From equation (29),
it is evident that the TDCS averaged over the impact
parameter is independent of the OAM number m of the
incident twisted electron beam.
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Figure 4: TDCS as a function of ejection angle θe for the twisted electron (e,2e) process on H2 molecule in the
co-planar asymmetric geometry. The kinematics used here is Ei = 4087 eV, Ee = 20eV and scattering angles
(a) θs = 1
◦ and (b) 1.5◦. We keep θp = θs here. The solid, dashed, dotted and dashed-dotted curves represent
the plane wave, m = 1,2 and 3 respectively. The results for m 6= 0 are scaled up by a factor of 10 in both the
sub-figures (a) and (b).
3. Results and discussion
3.1. Angular profiles of the TDCS for plane wave
In the figures 3-5, we present the results of our
calculations of the TDCS as a function of the ejected
electron angle in the coplanar asymmetric geometry
for different scattering angles (given in the frame
of each figure). We use the same kinematics as
used by Che´rid et al. [59] wherein they took
the incident energy as 4087 eV and 4168 eV. We
are using the first Born approximation because the
computation of the TDCS with other approaches is
tedious and gets more complicated when we compute
TDCS for the twisted electron (e,2e) process. Also,
our first Born approximation model is analytic in the
computation of Tfi, which makes our computation of
T twfi easier as it requires only the integration over the
azimuthal angle, φp, of the twisted electron. One
can perform the integration numerically. To the
best of our knowledge, there has been no detailed
study on the (e,2e) processes on the H2 molecule
for the twisted electron incidence case. Hence, our
results in this paper should be taken from that
perspective. We are sure that the present study will
advance the theoretical and experimental research in
this field. In literature, more sophisticated models
exist (like, two-effective center (TEC), molecular three-
body distorted wave (M3DW), multicenter molecular
three-body distorted-wave (MCM3DW), multicenter
distorted-wave (MCDW) etc.) for the plane wave
(e,2e) processes on H2 molecule [35, 60–62]. We hope
that one can also explore the twisted (e,2e) process
with a more sophisticated model for further grinding
of our results in the future.
We present in figure 3, the results of our
calculations of TDCS as a function of the angle of the
ejected electron (θe) for the plane wave electron beam
in the coplanar asymmetric geometry. The arrows used
in the figure 3 and subsequent figures represent the
direction of momentum transfer (θK) and the recoil
direction (θ−K), opposite to θK. We take TDCS,
as experimentally it is difficult to align the molecule
in a particular direction. As explained in equation
(16), TDCS is computed by integrating 5DCS over the
angular alignments of the H2 molecule. We keep Ei =
4087 eV, Ee = 20 eV and different θs as shown in the
figure 3(a)-(c) and Ei = 4168 eV, Ee = 100 eV and
different θs as shown in the figure 3(d)-(f).
We compare the results of our calculations with
the experimental data [59]. At this kinematics, we can
justify our theoretical model based on the following
arguments;
(i) Because of the high energy of the incident and the
scattered electrons, the selection of the plane wave
function for both the electrons is appropriate.
(ii) The ejected electron carries lower energy. The
choice of the Coulomb wave function for the
ejected electron is also justified.
We compare our results of TDCS with the
experimental data to benchmark our calculation so
that we can justify our calculations for the twisted
electron (e,2e) process. From the comparison, we found
that the present theoretical model reproduces the
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Figure 5: Same as figure 4 except for the kinematics Ei = 4168 eV, Ee = 100 eV and scattering angles (a) θs =
8.2◦ and (b) 8.9◦. We keep θp = θs here. The results for m 6= 0 are scaled up by a factor of 1000 in the sub-figure
(a) and by 2000 in sub-figure (b).
experimental trends for most cases. Our calculations
reproduce the prominent binary peak and the shallow
recoil peak, wherever appears (see figure 3). We want
to add here that to compare our calculations with the
experimental data, we have scaled up our theoretical
calculations for figures 3(d)-(f) by a factor of 10. For
figures 3(a)-(c), no normalization factor is used in our
calculation to compare them with the experimental
data.
3.2. Angular profiles of the TDCS for twisted electron
beam
Having benchmarked our calculations for the plane
wave with the experimental data, we present the
results of our calculations of TDCS with the twisted
electron beam. It is worth adding that we have also
benchmarked the elastic scattering cross-section on a
H2 molecule with the reported results by [52]. We were
able to reproduce the results predicted by Maiorova et
al. (2018) [52]. We are not presenting the results of our
calculations of the elastic cross-section for H2 molecule
for brevity. We have also compared our calculation
of the (e,2e) process on the hydrogen atom for the
twisted electron with the one reported by Harris et al.
(2019) [54] treating the ejected electron as plane wave.
We confirmed that our calculations also reproduce the
results of Harris et al. for an impact energy, Ei = 1
keV and Ee as 20 eV, 50 eV and 100 eV for θs = 10
mrad with different values of θp , i.e. 1 mrad, 10 mrad,
100 mrad and m = 1, except the contrasting results in
the magnitude of TDCS which is not a major concern
here. This maybe due to the choice of the Coulomb
wave function for the ejected electron in our model.
We present the results of our calculations of TDCS
for the twisted electron incidence for Ei = 4087 eV
in figure 4 for θs = 1.0
◦ and 1.5◦. We keep θp =
θs and vary m from 1 to 3 in steps of 1. In figure
4 and all the subsequent figures we represent the solid,
dashed, dotted and dashed-dotted curves for plane
wave, m = 1,2 and 3 respectively, unless otherwise
stated. We found that the magnitude of TDCS for
m 6= 0 is reduced by at least an order of 1 when
compared with m = 0 (the plane wave calculations).
For example, the peak value of TDCS for the plane
wave is 2.9 a.u whereas for m = 1 case, it is around
2.37 a.u.(multiplied by a factor of 10 to compare it
with the plane wave calculation (see solid and dashed
curves in figure 4(a))). This is further reduced when
we gradually increase m upto 3. We also observe that
for the twisted electron beam calculation, the binary
peak largely disappears for m = 2 and m = 3 (see
dashed and dashed-dotted curves in the region marked
by arrow in the binary region in figure 4). We also
found substantial contribution in TDCS for forward
and backward direction for m = 1,2 and 3 (see peak
around θe =0
◦ and 180◦ for dashed, dotted and dashed-
dotted curves). We further observe that only for m
= 1 case, there is a binary peak, which is shifted to
smaller angle (see dashed curves in figure 4). This
clearly signifies the effect of different values of m on
the angular profile of the TDCS.
In the previous kinematics, we have seen that
how the angular profiles of TDCS depend on m for
small momentum transfer. We now discuss the angular
profile of TDCS for the other kinematics (Ei = 4168eV,
E1 = 100eV, θs = 8.2
◦ and 8.9◦) and θp = θs for
different values of m in figure 5 to further investigate
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Figure 6: 5DCS as a function of ejection angle θe for the twisted electron incidence for different orientations ρ
of the molecule in the coplanar asymmetric geometry. Sub-figures (a)-(c) represent the results for an incident
energy Ei = 4087 eV, emission energy Ee = 20 eV, scattering angle θs = 1
◦ and orientation angle, θρ shown in
each figure. While, sub-figures (d)-(f) represent the results for Ei = 4168 eV, Ee = 100 eV, θs = 8.2
◦ and θρ
shown in each figure. In both the kinematics, we keep θp = θs. The magnitude of the 5DCS is scaled up by a
factor of 10 for figure 6(a)-(c). For figure 6(d)-(e) we use different scaling factors, viz. 250, 450 and 550 for m =
1,2 and 3 respectively for θρ = 0; 400, 500 and 2000 for m = 1, 2 and 3 respectively for θρ = pi/4 and 900 for all
three values of m for θρ = pi/2.
the effect of the larger momentum transfer on the
angular profiles of the TDCS. We plot the angular
profile of TDCS for θp = θs = 8.2
◦ in figure 5(a) and for
θp = θs = 8.9
◦ in figure 5(b). In this kinematics, since
there is a large momentum transfer as compared to the
previous kinematics, we find the smaller cross sections
of TDCS. The order of cross section is 10−5 which is
significantly smaller than the previous case (see figure
4). For all the values of m for θs = 8.2
◦ (figure
5(a)), we observe the binary peak as the dominant
peak with peak position shifted from the momentum
transfer direction θK (see the arrow marked at θe =
θK in the figure 5). Like as observed in the previous
kinematics (refer to figure 4), we also observe peak in
the forward direction for the different values of m (see
dashed, dotted and dashed-dotted curves around θ =
0◦ (or 360◦) region in the figure 5(a)). However, in
this case the intensity of the peak is not as pronounced
as that for the previous case (see dashed, dotted and
dashed-dotted curves in figure 4 and 5 for comparison).
In fact, for m = 1, there is hardly any substantial
forward peak when compared with its binary peak (see
dashed curve in figure 5). As m increases, the forward
peak gets enhanced. In fact, the forward peak for
m = 3 dominates over the shoulder structure in the
binary peak region (see dashed-dotted curve in figure
5). When we observe the angular profile of the TDCS
for θs = 8.9
◦, we find that the magnitude of the TDCS
is further reduced which is, of course, expected as in
this case we have a bit larger momentum transfer as
compared to θs = 8.2
◦ case. In addition to these
observations, we find that the backward peak is slightly
enhanced for m 6= 0, especially for m = 1 (see dashed
curve around θe = 180
◦ in figure 5(b) and compare it
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Figure 7: 5DCS with and without interference as a function of ejection angle θe for the twisted electron incidence
for different orientations ρ of the molecule in the coplanar asymmetric geometry. The solid curve represents
the 5DCS without interference term. The dashed, dotted and dashed-dotted curves represent the 5DCS with
interference term for different orientations as shown in each sub-figure. We used the kinematics Ei = 4087 eV,
Ee = 20 eV and θs = 1
◦ for sub-figure (a). Sub-figure (b) represents the 5DCS for the kinematics Ei = 4168
eV, Ee = 100 eV and θs = 8.2
◦.
with that in the figure 5(a)).
3.3. Orientation effects on the TDCS
Till now, we studied the angular profiles of the
TDCS averaged over all the possible orientations of
the inter-nuclear distance ρ of H2 molecule since
experimentally it is difficult to orient the molecule
in some preferred direction. However, we can still
theoretically investigate the orientation effects on the
5DCS by exploring the angular distribution of 5DCS
for some fixed orientation of the H2 molecule to get
more details about (e,2e) process. We computed the
TDCS for different θρ, which is the angle between the
incident electron and the molecular axis of the H2
molecule, in the coplanar geometry (φρ = 0).
Figure 6 represents the angular profile of the 5DCS
with respect to the θe for three different orientations,
viz. (θρ, φρ) = (0, 0), (
pi
4 ,0) and (
pi
2 ,0) of the H2
molecule. We choose the same kinematics as used
in the figure 3(a) with θs = θp = 1.0
◦ for figure
6(a)-(c). While, for figure 6(d)-(f), we choose the
kinematics used in figure 3(d) for θs = θp = 8.2
◦.
The orientation (0,0) corresponds to the alignment of
the H2 molecule along the beam direction whereas
the (pi2 ,0) corresponds to the transverse orientation
of the H2 to the beam direction. The orientation
(pi4 ,0) corresponds to the intermediate of the above
mentioned orientations. We scale up the magnitude of
the 5DCS for m 6= 0 case by a factor of 10 for the figure
6(a)-(c) and for figure 6(d)-(f), we use different scaling
factors to compare them with the plane wave results.
For the parallel orientation, θρ = 0, we use the factors
250, 450 and 550 for m = 1, 2 and 3 respectively. The
results for perpendicular orientation, θρ = pi/2, are
scaled up by factors 400, 500 and 2000 for m = 1, 2
and 3 respectively and for θρ = pi/4 we use factor 900
for all m’s.
In figure 6(a)-(c), for all the orientations of ρ,
we observe peak in the forward direction (see dashed,
dotted and dashed-dotted curves in figure 6(a)-(c) in
the region θe = 0
◦(or 360◦). In addition to this, we also
observe a prominent peak in the backward direction for
θρ =
pi
2 (see dashed, dotted and dashed-dotted curve in
the figure 6(c) in the θe = 180
◦ region) for different
values of m. For other orientations, we do not observe
peak in the backward region (see figure 6(a)-(b) around
θe = 180
◦region). In fact, the 5DCS contributions
in the backward region increases with θρ as can be
observed from the figures 6(a)-(c) in the backward
region. Further, we observe that only for m = 1, we
observe a shifted binary peak in the angular profile of
5DCS (see dashed curve around the region marked by
arrow for θe = 273
◦) for all the orientations of ρ.
For figures 6(d)-(f), we observe a prominent peak
for the parallel orientation (θρ = 0) in the binary
region for all the values of m (see dashed, dotted and
dashed-dotted curve in figure 6(d)). Furthermore, we
observe that the binary peak for m = 1 and 2 shifts
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Figure 8: Same as figure 7 except that the 5DCSs are plotted for the twisted electron beam for different m and θρ
as shown in the figure for the kinematics Ei = 4087 eV, Ee = 20 eV and θs = θp = 1
◦in the coplanar asymmetric
geometry.
from the momentum transfer direction (see dashed
and dotted curves in the figure 6(d) around θe = θK
region). In the recoil region, we observe a very small
contribution to the differential cross-section from all
the values of m. For θρ =
pi
4 , we observe peaks in
binary and recoil regions for m = 1, 2 and 3, which
are shifted significantly from the momentum transfer
direction (see dashed, dotted and dashed-dotted curve
in figure 6(e) around the region marked by the arrows).
For the perpendicular orientation (θρ =
pi
2 ), we observe
prominent peaks in both the forward and backward
regions (see dashed, dotted and dashed-dotted curve in
figure 6(f) around θe = 0
◦(or 360◦) and 180◦). For all
the orientations of ρ, the magnitude of the 5DCS drops
significantly for higher m, in both the kinematical
arrangements. From the above discussion, it is evident
that there is a substantial effect of the OAM number
m, on the angular profiles of 5DCS for different θρ.
3.4. Interference effects
The study of the ionization of H2 molecule provides an
opportunity to investigate the Young-type interference-
effect in the (e,2e) process. The interference effect
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Figure 9: Same as figure 8 except for the kinematics Ei = 4168 eV, Ee = 100 eV and θs = θp = 8.2
◦ in the
coplanar asymmetric geometry.
is attributed to the scattering process of the incident
electron from the two identical H-atoms of the H2
molecule. In figure 7, we investigate the interference
effects in the (e,2e) process for different orientations
of the H2 molecule for plane wave electron beam. We
choose the same θρ, as used in figure 6. We use solid,
dashed, dotted and dashed-dotted curves respectively
for 5DCS without interference, 5DCS with interference
for θρ = 0,
pi
4 and
pi
2 . We use the same kinematics as
used for figure 4(a) and figure 5(a) for figure 7(a) and
(b) respectively. We observe binary and recoil peaks in
the 5DCS without interference for all the orientations
(see the solid curve in the figure 7(a)). However,
when we take into account the interference term in the
5DCS, we observe that the binary peak is enhanced for
all the orientations, which is due to the constructive
interference of the two H-atom scattering (see dashed,
dotted and dashed-dotted curves in the figure 7(a)).
In the recoil region, for θρ = 0 orientation, there is
a destructive interference in the recoil peak region
leading to a dip in the 5DCS around θ−K region (see
dashed curve and compare it with the solid curve in the
θe = θ−K region). As we increase θρ from 0 to pi2 , the
interference pattern converts from the destructive to
constructive type which is reflected in the enhancement
of the recoil peak for θρ =
pi
2 (see dashed-dotted curve
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Figure 10: Real and imaginary parts of the transition amplitude (T twfi (φp)) as a function of the azimuthal angle
(φp) of the twisted electron beam. The kinematics for sub-figures (a)-(d) is Ei = 4087eV, E1 = 200eV, θs = θp
= 1◦, θρ = pi2 and θe given in each frame. For the sub-figures (e)-(f) the kinematics used is Ei = 4168eV, E1 =
100eV, θs = θp = 8.2
◦, θρ = pi2 and θe given in frame. The dashed, dotted and dashed-dotted curves represent
the Re(T twfi (φp)) and Im(T
tw
fi (φp)) for m = 1, 2 and 3 respectively.
in figure 7(a)). Thus, it is obvious that the cross-
section is maximum for the perpendicular orientation
(see the dashed-dotted curve in figure 7). Further,
when we use a multiplicative factor 2 for the 5DCS
without interference, we find that the binary and recoil
peaks coincide for θρ =
pi
2 (see solid and dashed-dotted
curves in figure 7(a)). In the figure 8(a), the results for
θs = 8.2
◦ are quite intriguing, as for this kinematics,
we observe the identical angular profile for all the three
orientations. Also, when multiplied by a factor of 2, the
peak value of the 5DCS without interference is identical
to the 5DCS with term. We observe a binary peak at
the same position for all the orientations due to the
large momentum transfer for this kinematics. Due to
the small role played by the nucleus in the scattering
process for this kinematics, the 5DCS is found to be
independent of the molecular orientation (see figure
7(b)).
Having studied the interference effects on the
5DCS for plane wave electron beam, for different
orientations of the inter-nuclear distance ρ, we present
the results for the interference effects on the 5DCS
for twisted electron for different θρ in figure 8 and 9.
The solid and dashed curve represent the 5DCS with
interference and without interference, respectively, in
both the figures 8 and 9. In figure 8, we present
the results of the 5DCS with interference and without
interference for different orientations and different
OAM numbers m, as shown in the figure, for the
same kinematics as used for figure 4(a). Due to the
constructive interference for m = 1 case for θρ = 0, the
magnitude of the 5DCS with interference is larger than
that for the 5DCS without interference in the binary
peak region (see solid and dashed curves in figure 8(a)).
For the three values of m, we observe that the peaks
in the forward region are at the same positions for
both the 5DCS types (see figure 8(a)-(c) in the forward
region). Due to the destructive interference for m 6=
0, the magnitude of 5DCS with interference in the
backward region is smaller than that of the without
interference (see solid and dashed curves in figure 8(a)-
(c)). For the intermediate orientation, θρ =
pi
4 , we
observe that the interference is constructive as the
magnitude of the 5DCS with interference is larger than
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Figure 11: TDCS integrated over the impact parameter b for the ionization of H2 molecule for plane wave
electron beam(solid curve) and twisted electron electron beam for different opening angles as shown in the
frames of each sub-figure. We used the kinematics Ei = 4087 eV, Ee = 20 eV and θs = 1
◦ for figure 11(a).
Figure 11(b) represents the (TDCS)av for the kinematics Ei = 4168 eV, Ee = 100 eV and θs = 8.2
◦.
that for the without interference (see solid and dashed
curves for m = 1, 2 and 3 for θρ =
pi
4 in figure 8(d)-(f)).
For the perpendicular orientation, θρ =
pi
2 , we observe
that when we scale up the 5DCS without interference
by a factor of 2, the angular profile is precisely like the
angular profile of the TDCS with interference (see the
solid and dashed curve in figure 8(g)-(i) for θρ =
pi
2 ).
In figure 9, we study the interference effects on
the 5DCS for the kinematics, as used in figure 5(a) for
different orientations of ρ. For θρ = 0, the oscillations
in the angular profiles of the 5DCS with interference
term are more pronounced for larger value of the OAM
number, m (see the solid curve in the figure 9(a)-(c)).
For θρ =
pi
4 , we observe a two to three peak structure
for the 5DCS with interference for the three values
of m. However, for the angular profiles of the 5DCS
without interference we observe a two peak structure
(see solid and dashed curves in figure 9(d)-(f)). For the
perpendicular orientation (θρ =
pi
2 ), we observe peaks
in the forward and backward regions for all the m’s
in the angular profile of the 5DCS with interference
(see solid curves in figure 9(g)-(i)). In addition to this,
we observe prominent peaks in the binary region for
m = 1 and 2 for the angular profile of the TDCS
without interference for the same orientation. On
the inclusion of the interference term, we observe a
destructive interference in the binary peak region (see
dip in the solid curve and compare it with the peak in
dashed curves in the figure 9(g)-(i) in the θK region).
For θρ = 0 and
pi
4 , we observe a destructive interference
in the forward region (see figure 9(a)-(f) around θe =
0◦region). On the contrary, for θρ = pi2 , we observe a
constructive interference in the forward region for all
m (see solid and dashed curves in figure 9(g)-(i)).
3.5. Azimuthal angle dependence of T twfi
In figure 6, we studied the dependence of angular
profiles of 5DCS on different values of m for different
θρ. The study of the T-matrix element as a function
of azimuthal angle, φp of the twisted electron beam
is helpful for further exploration of the dependence of
5DCS on the OAM number m. From equation (2), it
is clear that the 5DCS, is proportional to the square of
the T-matrix element, Tfi. From figure 6(c) and 6(f),
we observe that for θρ =
pi
2 for both the kinematics, the
angular profiles of the 5DCS for m 6= 0 peaks around θe
= 187◦. Also, we observe peak in the forward region (θe
= 360◦) for the kinematics Ei = 4087 eV, Ee = 20 eV,
θs = 1
◦ for m 6= 0 (see figure 6(c)). From figure 6, we
observe that as m increases from 1 to 3, the magnitude
of the 5DCS decreases. The study of the angular
profiles of the T twfi as a function of φp will be helpful
for further investigation on this aspect. From equation
(24), the transition matrix element T twfi (κ,K), can also
be expressed as;
T twfi (κ,K) =
∫ 2pi
0
dφpT
tw
fi (φp),
with T twfi (φp) ∝ eimφpTfi(K).
Figure 10(a)-(b) and (c)-(d) represents the
Re(T twfi (φp)) and Im(T
tw
fi φp) as a function of φp for
θe = 187
◦ (backward peak) and θe = 360◦ (forward
peak) for θρ =
pi
2 for the kinematics Ei = 4087 eV,
Ee = 20 eV, θs = 1
◦. While figure 10(e) and (f)
represent the Re(T twfi (φp)) and Im(T
tw
fi (φp)) for θe =
14
187◦ (backward region) for θρ = pi2 for the kinematics
Ei = 4168 eV, Ee = 100 eV, θs = 8.2
◦. The dashed,
dotted and dashed-dotted represents the contributions
from m = 1, 2 and 3 respectively. From figure 10(a)
and (b), we observe that the oscillations in both the
real and imaginary part of T twfi are more pronounced
for higher m and thus making less contributions to
the matrix element T twfi when integrated over φp (see
dashed, dotted and dashed-dotted curves in figure 6).
We observe the similar trends for figure 10(c), (d) and
(e), (f). Since, |T twfi (κ,K)|2 = |
∫ 2pi
0
Re(T twfi (φp))dφp|2
+
∫ 2pi
0
|Im(T twfi (φp))dφp|2, the sum of area under
the curves for Re(T twfi (φp)) and Im(T
tw
fi (φp)) is an
important quantity contributing to the 5DCS. In all the
cases of figure (10), we observe that due to increased
oscillations, the area under the curve decreases as m
increases. This results in decreased magnitude of 5DCS
(5DCS ∝ |T twfi (κ,K)|2) for higher m.
3.6. (TDCS)av for macroscopic H2 molecular target
In figure 11, we present the results for our calculations
for the TDCS averaged over the impact parameter b.
From equation (24) and (2), we can compute the TDCS
for an (e,2e) process on H2 molecule for specific b.
The (TDCS)av, averaged over the impact parameters,
mimic more realistic scenario for the experiments with
the twisted electron on the macroscopic target. As
explained in the equation (29), the (TDCS)av for such
case depends on the opening angle θp of the incident
twisted electron beam (see equation (29)). Figure 11(a)
represents the (TDCS)av for Ei = 4087 eV, Ee = 20
eV and θs = 1
◦ while figure 11(b) is for the kinematics
Ei = 4168 eV, Ee = 100 eV and θs = 8.2
◦. We
compare these results with the plane wave (TDCS)av
case. In figure 11(a), we represent the angular profiles
of the (TDCS)av for different opening angles θp, viz.
0.5◦, 1◦, 2◦and 4◦ by dashed, dotted, dashed-dotted
and dashed-dotted-dotted curves respectively. We have
scaled up the magnitude of the (TDCS)av by a factor
of 3 and 5 for θp = 2
◦ and 4◦ to compare them
with the plane wave results. We observed that for
smaller value of θp, like 0.5
◦, the angular profile of the
(TDCS)av is similar to that for the plane wave (see
solid and dashed curve in figure 11(a)). However, for
θp = 1
◦(also here θp = θs = 1◦), the angular profile
of the (TDCS)av is different from that of the plane
wave (see dotted curve in figure 11(a)). In this case,
we have obtained peaks in the forward and backward
regions. With a further increase in the opening angle
(θp), we observe peaks in the perpendicular directions
(see dashed-dotted and dashed-dotted-dotted curves in
figure 11(a) around θe = 90
◦ and 270◦) with profound
shift from the plane wave peaks. When we increase
the opening angle (θp) of the incident twisted beam,
larger momentum is transferred to the target in the
perpendicular direction which results in the formation
of peaks in the perpendicular direction. Further, when
we increase θp the (TDCS)av decreases since we scale
up the (TDCS)av for θp = 2
◦ and 4◦ by a factor of 3
and 5 respectively.
In figure 11(b), we discuss the (TDCS)av for the
kinematics Ei = 4168 eV, Ee = 100 eV and θs =
8.2◦ for different values of θp as shown on the figure.
Here also, we observe that for smaller θp, the angular
profile of the (TDCS)av is quite similar to that of
the plane wave (see solid and dashed curve in figure
11(b)). For this kinematics also, when we increase the
opening angle (θp) of the twisted beam, the magnitude
of the (TDCS)av decreases as we have scaled up the
(TDCS)av by a factor of 10, 500 and 2000 for θp =
4◦, 8.2◦and 10◦ respectively (see dotted, dashed-dotted
and dashed-dotted-dotted curves in figure 11(b)) to
compare them with the plane wave results. For all the
cases of θp, except for θp = θs = 8.2
◦, we obtain peaks
in the binary peak region. For the larger θp, the binary
peaks are shifted in perpendicular direction (towards
θe = 270
◦). Like in the previous case, for θp = 8.2◦,
we also observe a dominant peak in the forward region
and small peak in the backward region (see dashed-
dotted curve in the figure 11(b)). In both the cases,
we observe a dip in the (TDCS)av in perpendicular
direction for θp = θs (see dotted curve in figure 11(a)
and dashed-dotted curve in figure 11(b) around θe =
90◦).
4. Conclusion
In this paper, we have presented the theoretical study
of five-fold differential cross sections(5DCS) and triple
differential cross sections(TDCS) for an (e,2e) process
on H2 molecule by the twisted electron beam. We
studied the angular distributions of the 5DCS and
TDCS for the coplanar asymmetric geometry in the
first Born approximation for both the plane and
twisted electron wave. We have studied the effect of the
OAM number, m, on the 5DCS and TDCS for m = 1,
2 and 3. We have benchmarked our theoretical results
with the experimental data for the plane wave electron
beam. We observed the dependence of the angular
profiles of the TDCS on m for both small and large
momentum transfer. The magnitude of the 5DCS, for
three different orientations of the internuclear vector
ρ, drops significantly for higher m. We observed
that the interference patterns in the angular profiles
of the 5DCS depend on both the OAM number m
and the orientation of the H2 target. We discuss the
dependence of the T-matrix element, T twfi (φp) on the
azimuthal angle (φp) of the twisted electron beam. We
observed that for a higher m there are pronounced
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oscillations in real and imaginary parts of the Tfi(φp)
resulting in decreased 5DCS. We also discuss the
(TDCS)av (averaged over the impact parameter b), of
H2 as a function of the opening angle, θp of the twisted
electron beam. We observe that the angular profile of
(TDCS)av significantly depends on the opening angle
(θp) of the twisted electron beam.
Our present communication is the first attempt
for an (e,2e) process on the H2 molecule to unfold the
effects of the twisted electron’s different parameters on
the angular profile of 5DCS and TDCS. The present
study can also be extended for other complicated
molecular targets, like N2, O2, CH4 etc. Besides this,
one can further explore a theoretical model which is
beyond the first Born approximation for the twisted
electron (e,2e) process. One can also explore the
differential cross-sections of the H2 molecule for the
twisted electrons for more sophisticated models, like
TEC, M3DW, MBBK, and MCM3DW, etc. It is
worth mentioning that we do not have experimental
data of the (e,2e) process on H2 molecule for the
twisted electron case to confirm our results. We are
hopeful that in the near future, the present study
may prompt theoretical and experimental studies for
electron impact ionization with twisted electron beams.
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